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Abstract. In this paper we study the fractional differential equation, containing both
the left and right fractional derivatives, with respect to various types of boundary condi-
tions. We transform the fractional differential equation into equivalent integral form.
Next, we develop a discrete form of the composition of the left and right fractional
integrals, based on the trapezoidal rule of integration, and we obtain a numerical scheme
for a fractional integral equation. The discrete form of integral equation is rewritten
in the matrix form. Finally, several examples of computations are presented.
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1. Introduction

Fractional differential equations, containing both the left and right fractional
derivatives (Caputo or/and Riemann-Liouville), have become more and more inter-
esting over the last years for scientists. They are well studied from the theoretical
point of view (we refer the reader to books [1-3] and articles [4-9]). Furthermore,
one can find several papers devoted to applications of these types of equations in
various fields of science: anomalous diffusion [8, 10, 11], fractional continuum
mechanics [12, 13], fractional oscillators [14, 15] etc.

One of the most important problems is how to find a solution of the fractional
differential equations including simultaneously the left and right operators. The
problem is quite comprehensive due to the fact that the equations can be analyzed
with different types of operators (Caputo or/and Riemann-Liouville) and various
types of boundary conditions, like Dirichlet, Neumann, Robin, natural, fractional
or mixed conditions.

For some particular cases, an exact solution of the above-mentioned problems
is known [1, 5]. However, in general, an analytical solution is not available. Even
if it is known, the form of solution does not allow for its effective use. For this
reason, numerical methods devoted to the Fractional Euler-Lagrange Equations
(FELE) are becoming more important and attractive for scientists [10, 15-20].
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2. Preliminaries

In this section we recall basic definitions and some properties of fractional
operators [21-23]. We start from definitions of the left- and right-sided Riemann-
-Liouville fractional derivative operators for > 0

D"I"y(x) form—l<a<m
Do y(x)={ * (1)
D"y(x) fora=m
3 (-1)"D"1"*y(x) form—l<a<m
Diy()=1 0 @
(-1)" D"y(x) fora=m
The left- and right-sided Caputo fractional derivatives are defined as follows
] I"*D"y(x) form-l<a<m
Dy (x)=1 ¢ 3)
D"y(x) fora=m
. (—l)m I"*D"y(x) form-l<a<m
‘D y(x):= ’ “4)

(-1)" D"y(x) fora=m

where D™ denotes the m-th order derivative and operators Iji and I:’, are respec-

tively the left- and right-sided fractional integrals of order « > 0 defined by

Ijiy(x) = J. y(r dr forx>a ®)

(x— T)l_a

. L ()
Ih,y(x) = I —dr forx<b (6)

The following relationships between both operators (Caputo and Riemann-Liouville
derivatives) occur [21-23]

C noa _ na _ & y(k) (a) _ k-a
DY) =Dy ()~ oy ) ™
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Composition rules of fractional operators are as follows [21-23]
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D%y L= T (p-x) (10)

k=

(=}

]:jﬂy(x) for a > f3

DPI% y(x)=1»(x) for a = f3 (11)
Daﬁ["’y(x) for a < B

The fractional integration of a constant gives us

rc - c% (12
and fractional differentiation of a power function leads to
D’ (x—a)a :M(x—a)a_ﬂ (13)
a [(1+a-p)
3. Main problem
We study the following FELE
‘DY D% y(x)-a*y(x)=0 (14)
with boundary conditions given in the following forms
y(a)=0. Dly(x) =L, (15)

where Y <a<1,0< <1 and ®>0. For =0, the right-side boundary condition
is treated as the Dirichlet type Dg+ y(x)‘ L y(b) = L, and for =1, this condition
. 1 _ ' N _

is the Neumann type Da+y(x)‘x:b =y'(b)=1,.
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In the particular case for « =1, the composition of differential operators is
reduced to (7D;,D;+y(x) = —y"(x) and then Eq. (14) can be written as

y”(x)+a)2y(x):0 (16)

One can find the solution of Eq. (16) related to boundary conditions (15) using
an analytical method. We derived the solution in the form

5 si'n(a)(x—a)) for w >0
Dﬁ sm(a)(x —a))
y(x)= br ) (17)
L, r—d =L, ( _lﬁ_ﬂ(x—a) for =0
Dﬁ (x—a) . (b—a)
where
sin(a)(b — a)) for =0
0 (_1)” a)2n+1

Dﬁ sin (a)(x - a))

b = m(b — a)2n+]7ﬁ for 0 < ﬁ <1 (1 8)
n=0

wcos(w(b-a)) for =1

One can note that for the integer values of parameter /3, this analytical solution has

the forms known in literature.
In the other cases, the solutions of the boundary value problem (14)-(15) we
will find in a numerical way.

4. Transformation of the BVP (14)-(15) to the integral form

To solve the analysed problem (14)-(15), we will transform the fractional dif-
ferential equation into adequate integral equation.
By using the fractional integral operator / ;’i 1 ;”, we can write an equivalent form

of Eq. (14)
117 °D" D% y(x) =™ 1% I} y(x) =0 (19)

Next we use the composition rule of fractional operators (10)

I:+ [D;)’(x)—D;J’(x)

J — @I 1 y(x) = 0 (20)
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and by applying the properties (9) and (11) we get

(x_a)a 2a ra ja
- 1% 1 =0 21
Tty O S y(x) Q1)

y(x)=y(a)-D% y(x)

Denoting by C = D;ﬂy(x)

, and for y(a) =0, Eq. (21) takes the form

X=

_ lRaja ja _ (x_a)“
y(x)-o Ian,y(x)_C—r(aH) (22)

The unknown value of C should be determined on the basis of the right-side
boundary condition. In this order, we differentiate Eq. (22) by using the fractional

operator Dﬁ . Then we obtain

D” (x - a)a
D’ — ™D’ 1% 1° - 23
L y(x)- o™ DI T y(x) Fas) (23)
or, after simplifications (we applied the rule (13)) we have
D’ y(x)- ™D’ 1% 1% y(x) = CM (24)
a’ aat [(a-p+1)
Next, we put the value x =5 into Eq. (24) and then we calculate the value C
I'a-pg+1 » o e
e MLt
F( 5 1) (25)
_ a—-p+ ( 2a NS 1o T )
=————\L, -0 D 1% 1" y(x
(b _a)afﬁ B atTat T h y( )x=b

In Eq. (25) the part containing Dﬁl;l:ﬂy(x)

, oecurs. Depending on the values

x=

a and S, the following three cases are distinguished

I“:ﬂlba,y(x) . fora > p
Dﬁlgl}jﬂy(x)‘x:b = If+ I:,y(x)‘x:b = I:’,y(x)‘x:b =0 fora=p4 (26)

Df[“]“ y(x)‘ fora < B
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Finally, we substitute the value C (Eq. (25)) into Eq. (22) and we get the integral
form of the considered Eq. (12)

I:jﬁls’,y(x) » for a > f

y(x)_w20! Iji I:iy(x)_ r(ra(;,ff‘)l) (ix__ac)lg—ﬂ x40 for o = ﬁ
fo“l;’,y(x) = fora< p

:F(a—ﬁ+1) (x—a)a I @7

T(a+1) (b-a)” p

Particular cases:
Depending on the parameter [, Eq. (27) can be simplified to the following forms:

Case I: =0 (this corresponds to the boundary condition y(b) =L,

y(x)—af{f; ) )

Caselll: f=«

_ lajya ja _(x_a)a
y(x) w Ia+Ib,y(x)——r(a+l)La (30)

5. Numerical solution

In this part we present a numerical for Eq. (27). We introduce the following grid
of nodes: a=x,<x <...<x;<...<x,=b, where x;, =a+iAx, i=0,1,..,n and

Ax = (b - a) / n. Additionally, we denote the value of function y(x) at the node x;
by vy, = y(x,). In every grid node x,, Eq. (27) is replaced by the algebraic equation
and then we obtain the following system of # + 1 equations
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_F(a—ﬂ+1) (xl.—xo)a
) )

y(x)=0®| 1% 17 y(x)

I:jﬁlba,y(x)

fora>pf 31)

X=Xy

x<0 fora=p|=
fo“l:,y(x)

X=X,

and

X=Xy

Next, the numerical approximation for Ij’+ IZ’, y(x)‘ . Ij’:ﬁ I:, y(x)

fo“[:, y (x) should be properly determined. In this order we use the numerical

X=X,

schemes that are based on the trapezoidal rule of integration [22, 24]. The schemes
were introduced earlier in the paper [15]. For both fractional integral operators (5)
and (6) for function f{x) we have:

— atnode x: 1% f (x)‘ =0 (it directly results from definition),
X:XO

— for other nodes x, (i=1,2,...,n), the left-side Riemann-Liouville integral (5)
is approximated by the formula

1 1 i—1 "j+l f(T)
1% dr = dr
af( _[ x_z_lot r(“);! (Xl—‘[ -
N J (32)
_ | S f./'+(T_xj)(f1’+1_f./)/Ax i (@)
= Z _[ [ dr=) u ;' f,
I(a)iz (x,—7) =
where
o ()
i.j
I(2+a)
0 fori=0and j=0
l+a (33)
i“(I+a)+(i-1)"" -i" fori>0 and j=0
X
(i—j+1)" " =2(>i=j)" +(i-j-1)"" fori>0and 0<j<i
1 fori>0 and j=i

While, for the right-side Riemann-Liouville integral (6) we have:
— atnode x,: I;’,f(x) =0,

X=Xy

— for nodes x, (i=0,1,...n—1), the discrete values of operator (6) are calculated
using the formula below
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=20, (34)
J=i

where

0 fori=n and j=n

n—i)a(l+a)+( —i—l)lm—(n—i)]m fori<mn and j=n

—i+1)lm 2(j- ) a+(j—i—1)lm fori<nandi<j<n
fori<n and j=i

(33)

—_ e~ —
~.

The discrete form of the composition of both integral operators I;’i I;”, y(x) at

all nodes x; is as follows

0 fori=0
I‘ﬂ I“y 36)
’ Z”I/Z"jk Vi = ZZ,jy, fori=12,..
where
min(i, /)
Z k Vk/ (37)
k=0

For the second operator Ij’fﬁ I:, y(x) , the formulas (32) and (34) can be

X=X,

directly applied, and thus we have

1501y Z Iy ve=22""y, (38)
‘ K k=j J=0
where
J
Zu Ay (39)
k=0

While, for the operator Daﬂf”’ I:’, y(x) , we additionally need to derive the dis-

X=Xy

that can be

X=X;

crete form of fractional differential operator at nodes x;: D;”+ f (x)

calculated as
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R R e [t

DZ f(x + 4
a f( )7 (1—06) F(I—OC XO(XI-—Ta
(5 -3) " @t | “o
_ Wi 1 <SS 1 o (@)
dr=) w,
Jo r(1-a) F(l—a); Ax I (x,—7)" ,Z(:) 7
where
wi(f;) _ (Ax)
T T(2-a)
0 fori=0and j=0
Y 41)
(1-—a)i®+(i-1) " =i fori>0 and j=0
X
(i—Jj 1)"“_2(i—j)17“+(i—j—1)lfa fori>0and 0< j<i
1 fori>0and j=i
and thus we have
DIry(x) _ m Yy = 2y, (42)
no =0 k=j J=0
where
J
28 2 3 ey () (43)
=0
If we put the discrete schemas (36), (38) and (42) into (31) we then obtain
0 fori=0 a
sl |, [(a-p+1) (iAx)
POy fori=12,n “p
iy, fori=12,..n  T(a+1) (nAx)
/=0
Zz}(a’ﬂ)y‘j fora> p (44)
=0

y | T(a-p+1) (iAx)”
0 fora=p|= F(a+1) (nAx)aiﬂ 5

Zz;(“’ﬂ)yj fora<
J=0

fori=0,1,....,n.
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The above system of equations (44) can be written in the matrix form

A-y=b (45)

where y = [yo,yl,...,yn ]T and the coefficients in matrices A and b are the following

/(a,ﬁ)
. 0 fori=0 F(a—,B+1) (iAx)a Z; fora>pf
—o (a) . B 7 orer=p
2 fori=12..n  T(a+l) (nax)™|
27 fora< B

I'(a-p+1) (iAx)”
"TTr @) () o

for i=0,l..,n, j=0,L...,n and

1 fori=j
5, = 7 (47)
7|0 fori=j

6. Results

In this section we present the results of example computations obtained by our
numerical scheme to the considered equation (27). We present several examples
of calculations for different values of parameters a, 3, ®. In all examples we
assumed a=0, b=1 and L;=1. The domain x € [0,I] has been divided into
n=1000 subintervals. The values of the parameters used in Eq. (27) are given
in the plot legends.

The simulation results as the plots of function y(x) are given below. In Figures
1-4 we present results of the numerical solution of Eq. (27) for the fixed parameter
o € {0, 1,5, 15} in the successive Figures, various values of order a and three
values of parameter 3 € {0, 1, o} representing three particular cases (28), (29) and
(30). While in Figure 5, the solutions of this equation for o = 1, ® € {0, 1, 10, 20},
and 3 € {0, 0.2, 0.4, 0.6, 0.8, 1} are given.

7. Conclusions

In this paper the fractional oscillator equation (in which the left and right frac-
tional derivatives of order o € (1/2,1] occur simultaneously) has been considered.
This equation supplemented by adequate boundary conditions (the Dirichlet
boundary condition on the left side of the considered 1D domain and various types
of boundary conditions on the right side) was transformed into the integral form.
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Fig. 1. Numerical solution of Eq. (27) for® =0, o € {0.6, 0.7, 0.8, 0.9, 1}, B € {0, 1, o},
a=0,b=1land Lz=1

Fig. 2. Numerical solution of Eq. (27) for@ =1, o € {0.6,0.7,0.8,0.9, 1}, B € {0, 1, a},
a=0,b=1 andLB:1



20

T. Blaszczyk, J. Siedlecki, M. Ciesielski

Fig. 3. Numerical solution of Eq. (27) foro =5, a € {0.6, 0.7, 0.8, 0.9, 1}, B € {0, 1, o},
a=0,b=1land Lz=1

Fig. 4. Numerical solution of Eq. (27) for @ =15, o € {0.6, 0.7, 0.8, 0.9, 1}, B € {0, 1, o},
a=0,b=1 andLB:1
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Fig. 5. Numerical solution of Eq. (27) fora =1, ® € {0, 1, 10, 20},
B€1{0,0.2,04,0.6,08,1},a=0,b=1and Lg=1

Three particular cases of order of the fractional derivative, that occur in
the boundary condition, deserved particular attention. The solution of the derived
integral equation was determined in a numerical way.

One of the aims of our work was to analyse the impact of different types of
boundary conditions (the Dirichlet, Neumann and fractional one) on the solution of
the considered boundary value problem. In the cases when the analytical solutions
are known and easily determinable (i.e. o =1 and B =0 or 3 = 1), the numerical
solutions are in good agreement with them. Also, for a = 1 and fractional order of 3
(the known analytical solution can be numerically approximated), the numerical
solutions of the integral equation seem to be correct.

We hope that the presented fractional boundary value problem in this work
allows for the modelling of the oscillations in any complex systems where the
classical oscillator models fail. The numerical solution of this problem can be
helpful in the analysis of the behaviour of this solution depending on various
values of the fractional orders a and [, different values of @ and parameters in
the boundary conditions.
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