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Abstract. In this paper we study the fractional differential equation, containing both 

the left and right fractional derivatives, with respect to various types of boundary condi-

tions. We transform the fractional differential equation into equivalent integral form. 

Next, we develop a discrete form of the composition of the left and right fractional 

integrals, based on the trapezoidal rule of integration, and we obtain a numerical scheme 

for a fractional integral equation. The discrete form of integral equation is rewritten 

in the matrix form. Finally, several examples of computations are presented. 

Keywords: numerical method, fractional operators, oscillator equation, boundary value 
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1. Introduction 

Fractional differential equations, containing both the left and right fractional 
derivatives (Caputo or/and Riemann-Liouville), have become more and more inter-
esting over the last years for scientists. They are well studied from the theoretical 
point of view (we refer the reader to books [1-3] and articles [4-9]). Furthermore, 
one can find several papers devoted to applications of these types of equations  in 
various fields of science: anomalous diffusion [8, 10, 11], fractional continuum 

mechanics [12, 13], fractional oscillators [14, 15] etc. 
One of the most important problems is how to find a solution of the fractional 

differential equations including simultaneously the left and right operators. The 
problem is quite comprehensive due to the fact that the equations can be analyzed 
with different types of operators (Caputo or/and Riemann-Liouville) and various 
types of boundary conditions, like Dirichlet, Neumann, Robin, natural, fractional 

or mixed conditions. 
For some particular cases, an exact solution of the above-mentioned problems 

is known [1, 5]. However, in general, an analytical solution is not available. Even 
if it is known, the form of solution does not allow for its effective use. For this 
reason, numerical methods devoted to the Fractional Euler-Lagrange Equations 
(FELE) are becoming more important and attractive for scientists [10, 15-20]. 
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2. Preliminaries 

In this section we recall basic definitions and some properties of fractional 

operators [21-23]. We start from definitions of the left- and right-sided Riemann- 

-Liouville fractional derivative operators for 0α >  
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The left- and right-sided Caputo fractional derivatives are defined as follows 
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where 
m

D  denotes the m-th order derivative and operators 
a
I
α

+
 and 

b
I
α

−
 are respec-

tively the left- and right-sided fractional integrals of order 0α >  defined by 
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The following relationships between both operators (Caputo and Riemann-Liouville 

derivatives) occur [21-23] 
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Composition rules of fractional operators are as follows [21-23] 
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The fractional integration of a constant gives us 
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and fractional differentiation of a power function leads to 
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3. Main problem 

We study the following FELE 
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0

C

b a
D D y x y x
α α α

ω
− +

− =  (14) 

with boundary conditions given in the following forms 
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In the particular case for 1α = , the composition of differential operators is 

reduced to ( ) ( )1 1
''

C

b a
D D y x y x
− +

= −  and then Eq. (14) can be written as 

 ( ) ( )2
'' 0y x y xω+ =  (16) 

One can find the solution of Eq. (16) related to boundary conditions (15) using 

an analytical method. We derived the solution in the form  
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where 

 ( )( )

( )( )

( )
( )

( )

( )( )

2 1

2 1

0

sin for 0

1
sin for 0 1

2 2

cos for 1

n n

n

a x b
n

b a

D x a b a
n

b a

ββ

ω β

ω
ω β

β

ω ω β

+

+∞

+ −

=

=

 − =

 −

− = − < <
Γ + −

 − =


∑  (18) 

One can note that for the integer values of parameter β , this analytical solution has 

the forms known in literature. 

In the other cases, the solutions of the boundary value problem (14)-(15) we 

will find in a numerical way.  

4. Transformation of the BVP (14)-(15) to the integral form 

To solve the analysed problem (14)-(15), we will transform the fractional dif-

ferential equation into adequate integral equation. 

By using the fractional integral operator 
ba

I I
α α

+ −
 we can write an equivalent form 

of Eq. (14) 
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Next we use the composition rule of fractional operators (10) 
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and by applying the properties (9) and (11) we get 
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Denoting by ( )
a x b

xC D y
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=  and for ( ) 0y a = , Eq. (21) takes the form 
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The unknown value of C should be determined on the basis of the right-side 

boundary condition. In this order, we differentiate Eq. (22) by using the fractional 

operator 
a

D
β
+
. Then we obtain 
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or, after simplifications (we applied the rule (13)) we have 
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Next, we put the value x b=  into Eq. (24) and then we calculate the value C  
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In Eq. (25) the part containing ( )
ba a x b

I ID y x
β α α
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=

 occurs. Depending on the values 

α  and β , the following three cases are distinguished 
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Finally, we substitute the value C (Eq. (25)) into Eq. (22) and we get the integral 

form of the considered Eq. (12) 
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Particular cases: 

Depending on the parameter β , Eq. (27) can be simplified to the following forms: 

Case I: 0β =  (this corresponds to the boundary condition ( ) 0
y b L= ) 
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Case II: 1β =  (this corresponds to the boundary condition ( ) 1
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Case III: β α=  
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5. Numerical solution 

In this part we present a numerical for Eq. (27). We introduce the following grid 

of nodes: 
0 1 i n
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and then we obtain the following system of n + 1 equations 
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While, for the right-side Riemann-Liouville integral (6) we have: 
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α β

=

=

−

=

−


Γ − + ∆

− − Γ + ∆



′ > 

 Γ − + ∆ × = =  Γ + ∆  ′′ <

=

 =


 

∑

∑

∑

 (44) 

for 0,1,...,i n= . 
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The above system of equations (44) can be written in the matrix form 

 ⋅ =A y b  (45) 

where [ ]
T

0 1
, ,...,

n
y y y=y  and the coefficients in matrices A and b are the following 

 ( )

( )
( )

( )

( )

( )

( )

2

, ,

,

, ,

0 for 0

for 1,2,..

for 
1

0 for 
, 1

for 
.

j

i j

j

i j i j

i

i n

z
i x

A
z n x

z

α

α β

α

α

α β

α β

α β
α β

δ ω α β
α

α β

−

=
  ′ >
 Γ − + ∆ 

= − = 
Γ + ∆ 

′′ <


−

=
 




 

 
( )
( )

( )

( )

1

1
i

i x
b L

n x

α

βα β

α β

α −

Γ − + ∆
=

Γ + ∆

  (46) 

for 0,1,...,i n= , 0,1,...,j n=  and  

 
,

1 for 

0 for 
i j

i j

i j
δ

=
= 

≠
 (47) 

6. Results 

In this section we present the results of example computations obtained by our 

numerical scheme to the considered equation (27). We present several examples 

of calculations for different values of parameters α, β, ω. In all examples we 

assumed a = 0, b = 1 and Lβ = 1. The domain x ∈  [0,1] has been divided into 

n = 1000 subintervals. The values of the parameters used in Eq. (27) are given 

in the plot legends. 

The simulation results as the plots of function y(x) are given below. In Figures 

1-4 we present results of the numerical solution of Eq. (27) for the fixed parameter 

ω ∈  {0, 1, 5, 15} in the successive Figures, various values of order α and three 

values of parameter β ∈  {0, 1, α} representing three particular cases (28), (29) and 

(30). While in Figure 5, the solutions of this equation for α = 1, ω ∈  {0, 1, 10, 20}, 

and β ∈  {0, 0.2, 0.4, 0.6, 0.8, 1} are given. 

7. Conclusions 

In this paper the fractional oscillator equation (in which the left and right frac- 

tional derivatives of order (1 / 2,1]α ∈  occur simultaneously) has been considered. 

This equation supplemented by adequate boundary conditions (the Dirichlet 

boundary condition on the left side of the considered 1D domain and various types 

of boundary conditions on the right side) was transformed into the integral form. 
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Fig. 1. Numerical solution of Eq. (27) for ω = 0, α ∈ {0.6, 0.7, 0.8, 0.9, 1}, β ∈ {0, 1, α}, 

a = 0, b = 1 and Lβ = 1 

   

  

Fig. 2. Numerical solution of Eq. (27) for ω = 1, α ∈ {0.6, 0.7, 0.8, 0.9, 1}, β ∈ {0, 1, α}, 

a = 0, b = 1 and Lβ = 1 
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Fig. 3. Numerical solution of Eq. (27) for ω = 5, α ∈ {0.6, 0.7, 0.8, 0.9, 1}, β ∈ {0, 1, α}, 

a = 0, b = 1 and Lβ = 1 

    

 

Fig. 4. Numerical solution of Eq. (27) for ω = 15, α ∈ {0.6, 0.7, 0.8, 0.9, 1}, β ∈ {0, 1, α}, 

a = 0, b = 1 and Lβ = 1 
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Fig. 5. Numerical solution of Eq. (27) for α = 1, ω ∈ {0, 1, 10, 20}, 

β ∈ {0, 0.2, 0.4, 0.6, 0.8, 1}, a = 0, b = 1 and Lβ = 1 

Three particular cases of order of the fractional derivative, that occur in 
the boundary condition, deserved particular attention. The solution of the derived 
integral equation was determined in a numerical way. 

One of the aims of our work was to analyse the impact of different types of 
boundary conditions (the Dirichlet, Neumann and fractional one) on the solution of 
the considered boundary value problem. In the cases when the analytical solutions 
are known and easily determinable (i.e. α = 1 and β = 0 or β = 1), the numerical 
solutions are in good agreement with them. Also, for α = 1 and fractional order of β 
(the known analytical solution can be numerically approximated), the numerical 
solutions of the integral equation seem to be correct. 

We hope that the presented fractional boundary value problem in this work 
allows for the modelling of the oscillations in any complex systems where the 
classical oscillator models fail. The numerical solution of this problem can be 
helpful in the analysis of the behaviour of this solution depending on various 
values of the fractional orders α and β, different values of ω and parameters in 
the boundary conditions. 
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