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We consider the initial or boundary-value problem for a fourth-order homoge-
neous ordinary differential equation with constant coefficients. Detailed solutions
to the equation for specific sets of boundary conditions are analyzed. Several de-
tailed solution cases with one or more fractional boundary conditions (described by
fractional derivatives) are presented. The final section presents examples that illus-
trate the solutions to the problem.

Consider a fourth-order differential equation with a constant coefficient, repre-
sented by the formula:

X y@(x)=ay(x) 1)

The general solution of equation (1) for a-const is as follows [1]

y(x)=C,-X* +C, - x® +C,-X* +C, - x“ )
where
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Example 1: Given fractional order boundary conditions for the appropriate forms,
we get:

x:xl:y(x)X:X1:Bl,Dfiy(x)x:X =Bz,x:x2:y(x)xzxz=BS,DX°}y(x)X:X =B, (3)
where
X3 Ceki-l k;
D*y(x):= -1 k-5 —dé+ % —,for0<a<1,i=1.4(5)
X r(l-o); (£-X) I'(1-o)-(x,—Xx)
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D y(x)i=—— jki'ékﬂ de+ X for 0<p<1,i=1.4 (6)
T TR (x-g) T T(=B)-(x-x)’
where D y(x)and D’ y(x)are the Riemann-Liouville [2] operators.

After introducing the general solution (2) into equations (4), we obtain a system
of equations, which can be written in tmatrix form A-C =B, where

X! X’ X X
K K K K C By

D x* D® x* D x* D% x*
2 X=X X X=x; % x=x X x=x; Cz BZ

A = ky [ ks Ky ! C - C ' B - B (7)
XZ X2 XZ X2 3 3
DP xk D X DP xk D? xk C, B,
| * X=X, % X=X el X=Xy X X=X |

Solving the system of equations, we obtain constants C; for i =1, 2, 3, 4. Figure 1
shows plots of example particular solutions with the abovementioned boundary
conditions.

[
N

Fig. 1. The solutions of Eq. (1) for boundary conditions
y(x) . =1,Dy(x) _, =0, y(x) .= 2,Dly(x) =-1.
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