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A pairwise comparison matrix (PCM) is a useful tool employed in decision anal-
ysis. In multicriteria decision-making support systems, such matrices are used to as-
sess the relative importance of alternatives (or criteria). Based on the decision
maker’s preferences, the values of the pairwise comparisons are determined [1].
When the decision maker (DM) compares each alternative (or criterion) with the
others, a PCM is constructed. In this process, each pair of alternatives is typically
compared once in a given order, while the comparison in the reverse order is calcu-
lated automatically, as reciprocity of the PCM elements is generally required [2]:

a;j = 1/a; (1)

The pairwise comparison method forms the basis of several decision-making sup-
port systems, among which the Analytic Hierarchy Process (AHP) is one of the most
well-known [3]. However, the usefulness of these methods depends on the quality of
the PCMs, which serve as the source of information about the decision maker’s pref-
erences [4, 5]. To prevent erroneous information that may arise within the matrices,
certain properties are typically required from PCMs. Indeed, since a PCM contains
more information than is necessary to estimate the decision maker’s priorities, it is
possible to detect inconsistencies in the decision maker’s judgments [6].

However, even when a matrix exhibits inconsistencies, identifying their exact
source can be difficult. It is only occasionally possible to pinpoint a single matrix
element that disrupts its coherence. More often, PCM inconsistency results from dis-
persed inaccuracies in estimating priority ratios. In some cases, the inconsistency
may also be linked to the procedure itself, as the values used in PCMs are typically
limited to the nine natural numbers and their reciprocals [7, 8]. Consequently, at-
tempts to correct the matrix may worsen its quality [5], and the only reasonable so-
lution is to ask the decision maker to revise the matrix.
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However, in some cases, the inconsistency is not significant, and the priorities
derived from the PCM may still be sufficiently reliable for the decision maker’s pur-
poses [3, 8]. In such situations, it is important to establish reasonable conditions un-
der which a PCM can serve as a useful source of information for estimating priorities.
At the same time, these conditions should not overly constrain the decision maker’s
judgments. For this reason, a variety of consistency conditions have been proposed
in the literature [9, 10].

Since the inception of the AHP, a condition used to verify the quality of PCMs
has been consistency (sometimes referred to as cardinal transitivity) [11]. The PCM
(n X n) satisfies this condition, if all its elements subject to the following equality
(fori,j,k=1,..,n):

ajj = Qi Ay (2)

Indeed, when a PCM satisfies condition (2), the decision maker’s priority vector
can be readily derived [1]. However, in practice, PCMs typically do not meet the
consistency condition [2]. Consequently, alternative conditions for PCMs have been
proposed. One of the most intuitive is the (ordinal) transitivity condition. This con-
dition is well established in normative decision-making theory and is regarded as
one of the fundamental axioms that a rational decision maker should satisfy [10]. For
example, it is one of the two conditions required to define the utility function devel-
oped by von Neumann and Morgenstern [12]. In practice, most decision makers’
judgments conform to this axiom. In the context of PCMs, this condition implies that
the elements of a reciprocal matrix follow the rule:

aik21/\akj21 = aij21 (3)

Six additional coherence conditions have been identified and investigated by Bru-
nelli and Costa [8, 9]. Four of these — max—max transitivity, weak consistency, index
exchangeability, and quasi-consistency — lie between the transitivity and consistency
conditions. This means that all matrices satisfying these conditions are transitive,
while consistent matrices satisfy each of them. Moreover, these four conditions form
a nested sequence of matrix subsets.

The remaining two conditions, pairwise dominance and rank order preservation,
define sets that partially overlap with the set of transitive matrices. When indiffer-
ence is not considered, these sets coincide with the set of max—max transitive matri-
ces [10].

Although the coherence conditions discussed in the literature provide a broad
classification framework for PCMs, which is sufficient for many users of AHP and
other pairwise comparison methods, additional conditions can also be developed.
One such condition can be defined for reciprocal matrices as follows:

ig}cigj{aik: Akjr Qg - Axj} < ajj < l.r<nka<xj{aik: Akjr Qi - Akj) 4)
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This condition is closely related to the transitivity and consistency conditions. It
is evident that matrices satisfying condition (4) are transitive, and that consistent
matrices also satisfy condition (4). Therefore, this new condition can be regarded as
lying between transitivity and consistency. Accordingly, this coherence condition
may be referred to as “consistency-driven transitivity.”

Although its relationship to the transitivity and consistency conditions is quite
evident, the connection between this new condition and other coherence conditions
is less clear. Therefore, in our study, we examine different types of matrices to deter-
mine which satisfy this new condition and which do not. We anticipate that this anal-
ysis will contribute to a better understanding of the relationships between this class
of “consistency-driven” matrices and those that satisfy other coherence conditions.
We also suggest that this condition may serve as an additional criterion for assessing
the usefulness of PCMs.
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